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Abstract
In this paper we consider the structure of the AdS3 vacua in R
3 expansion of the New Massive
Gravity (R3-NMG). We obtain the degeneracies of the AdS3 vacua at several points of the para-
metric space. Additionally, following a specific analysis we show that AdS3 wave solutions are
present. Using these wave solutions, we single out two special points of the parametric space for
which logarithmic terms appear in the solutions. The first one is a point at which the effective mass
of the wave profile which is interpreted as a scalar mode, completely saturates the Breitenlohner-
Freedman bound of the AdS3 space in which the wave is propagating. The second special point is a
point at which the central charge of the theory vanishes. Furthermore, we investigate the possibil-
ity of asymptotically Lifshitz black solutions to be present in the three-dimensional R3-NMG. We
derive analytically the Lifshitz vacua considering specific relations between the mass parameters
of R3-NMG. A certain polynomial equation arises at the first special point where solutions with
logarithmic fall-off in the AdS3 space appear. Solving this polynomial equation, we obtain the
values of the dynamical exponent z which correspond to possible asymptotically Lifshitz black hole
solutions. However, it is shown that asymptotically Lifshitz black solutions do not exist in the
three-dimensional R3-NMG for a specific ansatz of the black hole metric.
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I. INTRODUCTION
In recent years, some interesting models of massive gravity in three dimensions have been
introduced. Among these models, a well known one is that of the new massive gravity (NMG)
[1]. This model is equivalent to the three-dimensional Fierz-Pauli action for a massive spin-2
field at the linearized level. In addition, NMG preserves parity symmetry which is not the
case for the topological massive gravity (TMG) [2]. It has been shown that NMG admits
BTZ and warped AdS3 black holes solutions [3, 4]. Moreover, Ayon-Beato et al. have shown
that Lifshitz metrics with generic values of the dynamical exponent z are also exact solutions
of NMG [5].
It is possible to extend NMG to higher curvature theories. One of these extension of
NMG was presented by Sinha [6] in which R3 terms were added to the action of the theory.
Another extension of NMG to a higher curvature theory is that described by the Born-Infeld
(BI) action [7]. Additionally, Nam, Park, and Yi have found BTZ and warped AdS3 black
hole solution in the context of R3-NMG as well as in the BI extension of NMG [8].
The remainder of the paper goes as follows. In Section II, we briefly present the action
and the equations of motions of R3-NMG. In Section III, we describe the structure of the
AdS3 vacua in R
3- NMG, obtain the degeneracies of the AdS3 vacua and find the point in the
parametric space where the central charge is zero. In Section IV, we derive the AdS3 wave
solutions and obtain the two special points of the parametric space at which wave solutions
with logarithmic terms appear. In Section V, we derive the asymptotically Lifshitz vacua
in R3-NMG, study the degeneracy of these vacua and obtain a polynomial equation which
corresponds to the first special point. Solving this polynomial equation, we get the values of
the dynamical exponent z which correspond to possible asymptotically Lifshitz black hole
solutions. Furthermore, we show that for a specific ansatz for the black hole metric there are
not any asymptotically Lifshitz black solutions in the three-dimensional R3-NMG. Finally,
in Section VI, we briefly present and discuss the results of the paper.
II. R3 EXTENSION OF NEW MASSIVE GRAVITY
In this section we concisely present the model of R3 extension of New Massive Gravity
(R3-NMG). The action of R3-NMG is given as [6, 8]
2
S =
η
2κ2
∫
d3x
√−g
[
σR− 2Λ + 1
m2
K +
ξ
12µ4
K ′
]
, (1)
where m, µ are mass parameters of the theory, 2κ2 = 16piG, and η, σ, ξ take the values +1
or -1. The quantities K and K ′ are given by the following equations
K = RµνR
µν − 3
8
R2 (2)
K ′ = 17R3 − 72RµνRµνR + 64RνµRρνRµρ . (3)
The equations of motion for R3-NMG are written as [6]
σGµν + Λgµν +
1
m2
Kµν − ξ
12µ4
K ′µν = 0 (4)
where
Kµν = gµν(3RαβR
αβ − 13
8
R2) +
9
2
RRµν − 8RµαRαν +
1
2
(4∇2Rµν −∇µ∇νR− gµν∇2R) (5)
K ′µν = 17[−3R2Rµν + 3∇µ∇νR2 +
1
2
gµνR
3 − 3gµν∇2R2]
−72[−2RRµαRαν − RαβRαβRµν −∇2(RRµν) +∇µ∇ν(RαβRαβ) + 2∇α∇(µ(Rαν)R)
+
1
2
gµνRαβR
αβR− gµν∇α∇β(RRαβ)− gµν∇2(RαβRαβ)]
+64[−3RρµRσρRσν −
3
2
∇2(RµαRαν ) + 3∇α∇(µ(Rβν)Rαβ )
+
1
2
gµνRRαβR
αβ − 3
2
gµν∇α∇β(RαρRρβ)] . (6)
It should be noted that in the limit µ → ∞, we recover the action and the corresponding
equations of motion for NMG [1].
III. AdS3 VACUUM IN R
3
-NMG
In this section, we will construct the AdS3 vacuum solutions described by length scale l
2 in
the context of R3-NMG. We assume the global AdS3 ansatz for the spacetime metric
ds2 = −
(
1 +
r2
l2
)
dt2 +
dr2(
1 + r
2
l2
) + r2dϕ2 . (7)
By employing the coordinate redefinition ϕ = x
l
in Eq. (7), the metric becomes
ds2 = −
(
1 +
r2
l2
)
dt2 +
dr2(
1 + r
2
l2
) + r2
l2
dx2 . (8)
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Substituting Eq. (7) in Eq. (4), we obtain the equations of motion for the AdS vacua
4l6m2µ4Λ− 260m2ξ − l2 (µ4 + 128m2ξ)+ 4l4m2µ4σ = 0 . (9)
It should be stressed that apart from the fact that Eq. (9) gives the form of the AdS vacua,
it also provides a constraint between the cosmological parameter, i.e. Λ, the AdS length, i.e.
l, and the mass parameters, i.e. m and µ. This constraint is expressed through the formula
Λ = −σ
l2
+
1
4m2l4
+
ξ(65 + 32l2)
µ4l6
. (10)
For simplicity, we make the substitution y = l2 in Eq. (9) and this equation transforms into
a third order polynomial equation. In this case, there are three AdS vacua
l21 = −
σ
3Λ
+
4B1/3
m2µ4
+
4E
m2µ4B1/3
= − σ
3Λ
+
4B2/3 + 4E
m2µ4B1/3
(11)
l22 = −
σ
3Λ
− 4D
2/3
m2µ4B1/3
− 4E
m2µ4B1/3
+ i
√
3
[
4D2/3
m2µ4B1/3
− 4E
m2µ4B1/3
]
(12)
l23 = −
σ
3Λ
− 4D
2/3
m2µ4B1/3
− 4E
m2µ4B1/3
+ i
√
3
[
− 4D
2/3
m2µ4B1/3
+
4E
m2µ4B1/3
]
(13)
where
B = −9m4Λµ12σ − 4m6µ8 (−1755Λ2ξ + 288Λξσ + 2µ4σ3)
+
{
− [3m2Λµ8 + 4m4µ4 (96Λξ + µ4σ2)]3
+ m8µ16
[
9Λµ4σ +m2
(−7020Λ2ξ + 1152Λξσ + 8µ4σ3)]2}1/2 ,
D = −9m4Λµ12σ − 4m6µ8 (−1755Λ2ξ + 288Λξσ + 2µ4σ2)
+3
√
3
{
m6Λ2µ12
[
1825200m6Λ2µ4ξ2 − Λ(µ4 + 128m2ξ)3
−4680m4Λµ4 (µ4 + 128m2ξ)σ +m2µ4σ2 (−(µ4 + 128m2ξ)2 − 4160m4µ4ξσ)]}1/2 ,
E = 3m2Λµ8 + 4m4µ4
(
96Λξ + µ4σ2
)
.
Since we have obtained three maximally symmetric vacua, there should be, correspondingly,
three effective cosmological constants, each one with the value −l−2i , where i = 1, 2, 3.
However, two of the vacua have imaginary terms, namely Eqs. (12) and (13), and, in
general, squared quantities which obtain imaginary values are unacceptable. It is known
that for a third order equation real roots arise in the case of degeneracies and this is the
reason that, henceforth, we are mainly concerned about the existence of degeneracies.
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There is a triple degeneracy if and only if the cosmological parameter, Λ, satisfies simulta-
neously the relations
Λ1 = − 4m
2µ4σ2
3 (µ4 + 128m2ξ)
(14)
Λ2 =
9σµ4 + 1152m2ξσ ±
[
224640m4µ4ξσ3 + (9σµ4 + 1152m2ξσ)
2
]1/2
14040m2ξ
. (15)
The aforesaid condition, i.e. the equality between Eqs. (14) and (15), is true if the following
relation between the mass parameters holds
µ4 = −8
(
16m2ξ + 195m4ξσ ±
√
195m6ξ2σ (32 + 195m2σ)
)
. (16)
In addition, to avoid any imaginary values in Eq. (16), we impose the condition
m2 ≥ −32σ
195
. (17)
Moreover, from Eq. (14) the following constraint has to be satisfied
µ4 6= −128m2ξ . (18)
Therefore, the value of the triple degenerate vacuum is of the form
l2 = − σ
3Λ
. (19)
At this point a couple of comments are in order. First, in the framework of NMG [1, 9], the
corresponding degenerate vacuum is of the form
l2NMG = −
σ
2Λ
. (20)
Thus, one can make the assumption that if higher order curvature terms of the form Rn are
taken into account, then the unique degenerate vacuum will be of the form
l2 = − σ
nΛ
. (21)
Second, it is obvious from Eq. (16) that there are two triple degenerate vacua depending on
the sign of the last term of Eq. (16). Furthermore, in the case that the equality in Eq. (17)
is fulfilled, there will be only one triple degenerate vacuum.
There is a double degeneracy if the cosmological parameter satisfies the condition
Λ 6= − 4m
2µ4σ2
3 (µ4 + 128m2ξ)
(22)
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and, additionally,
Λ =
1
3650400m6µ4
{
µ12 + 384m2µ8ξ + 49152m4µ4 + 2097152m6ξ3 + 4680m4µ8ξσ
+599040m6µ4σ ±
[(
µ4 + 128m2ξ
)2
+ 3120m4µ4ξσ
]3/2}
. (23)
In this case, the values of the AdS3 vacua are
l21 =
µ4σ + 4m2ξ (32σ − 585Λ)
6Λ (µ4 + 128m2ξ) + 8m2µ4
(24)
l22 = −
σ
Λ
+
4m2ξ (585Λ− 32σ)− σµ4
3Λ (µ4 + 128m2ξ) + 4m2µ4
(25)
where Eq. (24) corresponds to the double degenerate vacuum. Substituting Eq. (23) into
the Eqs. (24) and (25), the vacua read
l21 =
µ4 + 128m2ξ ±
√
(µ4 + 128m2ξ)2 + 3120m4µ4ξσ
4m2µ4σ
(26)
l22 =
260m2ξ
[
µ4 + 128m2ξ ± 2
√
(µ4 + 128m2ξ)2 + 3120m4µ4ξσ
]
(µ4 + 128m2ξ)2 + 4160m4µ4ξσ
. (27)
To avoid any imaginary values for the vacua, certain bounds have to be imposed on the
mass parameters. These bounds read
µ4 + 128m2ξ
m2µ2
≥
√
3120ξσ (28)
µ4 + 128m2ξ
m2µ2
≤ −
√
3120ξσ (29)
where ξ and σ have to satisfy the condition ξ · σ = +1. Furthermore, in order to avoid any
divergences and, thus, Eq. (27) to be well defined, the following constraint must hold
µ4 + 128m2ξ
m2µ2
6= ±
√
4160ξσ . (30)
In the context of Einstein Gravity, the asymptotic group of isometries on the boundary
coincides with the symmetries of two-dimensional conformal field theory (CFT) and, hence,
the central charge of the dual CFT can be computed [10]. In a similar way, the central
charge for parity preserving higher derivative gravity theories [8, 9] reads
c =
l
2G
gµν
∂L
∂Rµν
6
where L is the Lagrangian density in action given in Eq. (1). According to this expression,
the central charge for R3-NMG obtains the form [11]
c =
3l
2G
η
[
σ +
1
2m2l2
+
ξ
l4µ4
]
. (31)
It is noteworthy that, in the parametric space, the point where the central charge vanishes
is treated as a special point for all higher derivative gravity theories in three dimensions.
The reason is that the special point corresponds to solutions in which logarithmic terms
arise. These solutions are asymptotically AdS3 solutions if one imposes relaxed boundary
conditions and, then, these solutions are dual to a Logarithmic CFT (LCFT) [12]. For the
case of TMG and NMG, the special point is usually named chiral point [13–15]. Therefore,
we are expecting an analogous behavior from the corresponding special point in R3-NMG. It
is evident from Eq. (31) that the central charge vanishes if the following relation is satisfied
σ +
1
2m2l2
+
ξ
l4µ4
= 0 . (32)
At this point, it should be stressed that we have obtained a very useful relation, i.e. Eq.
(32), between the dimensionless parameters m2l2 and µ4l4, since it corresponds to one of the
special points of R3-NMG for which the AdS3 wave solutions will admit logarithmic terms,
as will be shown in the next section.
IV. AdS3 WAVE SOLUTIONS IN R
3
-NMG
In this section, we derive exact gravitational wave solutions propagating in AdS3 space, in
the context of R3-NMG. Actually, the AdS3 waves is a special class of spacetimes defined
when negative cosmological constant is present. This class is called Siklos spacetimes [16]
and their special feature is the presence of a multiple principal null-directed Killing vector,
kµ, of their Weyl tensor. Here, we will follow the analysis of [11, 17]. Therefore, we consider
the metric of the AdS3 waves
ds2 =
l2
y2
[−F (u, y)du2 − 2dudυ + dy2] . (33)
This metric is conformally related to a pp-wave background [18, 19]. The null Killing vector
reads kµ∂µ = ∂υ. Here, the wave profile, i.e. F, is an υ-independent arbitrary function which
determines the form of the AdS waves. An interesting fact here is that, if F (u, y) = 0, we
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recover the AdS3 vacuum metric. On the other hand, if F (u, y) ≪ 1, then Eq. (33) refers
to excitations around AdS3 space. It should be noted that in our analysis, any linear, or
quadratic, dependence of F on the coordinate y can be eliminated due to a coordinate
redefinition [20] and, thus, we don’t take into account any such dependence.
Inserting the AdS3 wave ansatz, i.e. Eq. (33), into Eq. (4) and employing the expression
for the cosmological parameter as given in Eq. (10), we obtain the following equation for
the wave profile
δuµδ
u
ν
4l4m2y2µ4
{
2
(
l2µ4 + 4m2ξ
) (
y4∂4yF + 2y
3∂3yF
)
− [6m2ξ + l2µ4 (1− 2m2l2σ)] (y2∂2yF − y∂yF )} = 0 . (34)
This is an Euler-Fuchs differential equation and it can be solved by making the substitution
F = ya. In this case, we obtain a characteristic polynomial equation of the form
a(a− 2)
[
(a− 1)2 − 6m
2ξ + l2µ4 (1− 2m2l2σ)
2 (l2µ4 + 4m2ξ)
]
= 0 (35)
and by defining the quantity
M =
6m2ξ + l2µ4 (1− 2l2m2σ)
2 (l2µ4 + 4m2ξ)
(36)
the characteristic polynomial equation, namely Eq. (35), is now written as
a(a− 2) [(a− 1)2 −M] = 0 (37)
Thus, the generic solution for the wave profile reads
F (u, y) = F+(u)y
1+
√
M + F−(u)y
1−
√
M (38)
where F±(u) are arbitrary integration functions.
As we have already mentioned in the previous section, there are special points in the para-
metric space which correspond to solutions with logarithmic terms and which are associated
to a relaxed set of boundary conditions. In the framework of TMG and NMG [9, 21], AdS3
wave solutions with logarithmic wave profile have been obtained. In order to derive a log-
arithmic wave profile, F, for the AdS3 wave solutions in R
3-NMG, the multiplicities of the
characteristic polynomial equation, i.e. Eq. (37), have to be obtained. These multiplicities
are computed at two special points which are defined through relations that connect the
mass parameters of the theory.
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So, when M = 0 in Eq. (36), we get
σ − 1
2m2l2
− 3ξ
µ4l4
= 0 (39)
and, from Eq. (37), it is obvious that the root a = 1 is of multiplicity 2. In this case, the
wave profile will be of the form
F (u, y) = y [F1(u) ln y + F2(u)] . (40)
It should be noted that this logarithmic behavior is valid only if
µ4l4 6= 3ξ
σ
.
When M = 1 in Eq. (36), we get
σ +
1
2m2l2
+
ξ
µ4l4
= 0 (41)
and, from Eq. (37), it is obvious that the roots a = 0 and a = 2 are of multiplicity 2. In
this case, both roots lead to the same wave profile of the form
F (u, y) = ln y
[
F2(u) + F4(u)y
2
]
. (42)
It should be noted again that this logarithmic behavior is valid only if
µ4l4 6= − ξ
σ
Finally, when M < 0 in Eq. (36), we obtain complex roots. In this case, we define the
quantity
M1 =
−6m2ξ − l2µ4 (1− 2m2l2σ)
2 (l2µ4 + 4m2ξ)
and the generic solution for the wave profile, i.e. Eq. (38), now becomes
F (u, y) = y
{
F1(u) cos
(√
M1 ln y
)
+ F2(u) sin
(√
M1 ln y
)}
. (43)
The presence of the logarithmic terms leads to divergences from the asymptotically AdS3
spacetime which, consequently, leads to declinations from the conformal symmetry on the
boundary. In order to restore the appropriate asymptotic behavior for the AdS3 wave
solutions, namely its Hamiltonian generators of the symmetries on the boundary to be
represented by two non-trivial copies of the infinite dimensional Virasoro algebra [10], a
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relaxed set of boundary conditions have to be imposed. Therefore, it is at the special points
of the theory where one has to impose the relaxed fall-off conditions and also a LCFT arises
as dual to the background of the AdS3 waves in the bulk [12, 21].
It is evident from Eq. (38) that the wave profile function satisfies the equation
✷F = m2effF (44)
where
m2eff =M −
1
l2
. (45)
This is actually the Klein-Gordon equation and it means that the wave profile, i.e. F ,
mimics a massive scalar field with effective mass m2eff that propagates on the AdS3 wave
background.
Now, lets assume that F− = 0, or F+ = 0, in Eq. (38). Then, F (u, y) will satisfy the
Klein-Gordon equation which is now of the form, respectively,
✷F (u, y) = m2+F (u, y),
or ✷F (u, y) = m2−F (u, y)
where
m2+ = m
2
− = M
2
eff =
1
l2
(M − 1) . (46)
We conclude that the generic solution given by Eq. (38) expresses the superposition of two
massive scalar modes of the same effective mass propagating in the AdS3 background.
If we evaluate the aforesaid equations at the critical point given by Eq. (39), then it is easily
seen that the Klein-Gordon equation now reads
✷F = − 1
l2
F (47)
and the effective mass will be
m2eff = −
1
l2
. (48)
It is obvious that the effective mass exactly saturates the Breitenlohner-Freedman bound for
each one of the scalar modes [22]. Thus, we are in complete accordance with the predictions
in [23] at the specific point. The same conclusion could be drawn by deriving the Klein-
Gordon equation from Eq. (44) and imposing the condition M = 0 in the expression for the
effective mass given by Eq. (45).
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Concerning the second special point given by Eq. (41), the effective mass of the two massive
scalar modes vanishes since now M = 1 (see Eq. (46)). This situation is completely
different from the previous one since now the wave profile given by Eq. (42) does not satisfy
the Klein-Gordon equation anymore. As a result, Eq. (42) can not be interpreted as a scalar
field propagating in the background under study.
An interesting fact here is that the special point given by Eq. (41) can be identified as
the point in the parametric space at which the central charge vanishes (see Eq. (32)).
Moreover, the same behavior is encountered at the special (chiral) point of TMG and NMG
[11, 13, 15, 19, 20].
A couple of points are in order here. First, if the following two conditions are simultaneously
satisfied
µ4l4 = −4ξm2l2 (49)
µ4l4 6= 2m2l2 (σµ4l4 − 3ξ) (50)
then from Eq. (34), the wave profile will now satisfy the equation
✷F = 0 (51)
with its solution to be
F = C0y
2 . (52)
As we have already pointed out, any quadratic dependence in three dimensions can be locally
eliminated due to a coordinate transformation. This means that the wave profile will take
the form F = 0 , and, thus, the metric given in Eq. (33) describes an AdS3 spacetime. In
this case, there is no degree of freedom propagating in the background and the space is a
trivial one [24].
Second, if the following two conditions are simultaneously satisfied
µ4l4 = −4ξm2l2 (53)
µ4l4 = 2m2l2
(
σµ4l4 − 3ξ) (54)
which can be merged into the following one condition
µ4l4 =
ξ
σ
, (55)
then the differential equation given by Eq. (34) is satisfied for any wave profile function
F (u, y).
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V. ASYMPTOTICALLY LIFSHITZ BLACK HOLE SOLUTIONS
In this section, we attempt to derive black hole solutions which are asymptotically Lifshitz
in the context of R3-NMG. This derivation has already been performed for the case of NMG
[5]. First, we will follow an analogous analysis to the one in Section III, in order to reveal the
structure and characteristics of the Lifshitz vacuum. For this reason, we utilize the Lifshitz
ansatz
ds2 = −r
2z
l2z
dt2 +
l2
r2
dr2 +
r2
l2
dx2 (56)
and substitute it into Eq. (4). Then, the equations of motion for the Lifshitz vacuum read
1
12
r2z
l2z
{
−3
(
z2 − 3z + 1) (z2 + z − 1)
l4m2
− 12Λ− 12σ
r2
+
4ξ
[
19 + 16l2
(
1 + z2
) (
1 + z + z2
)
+ z
(
10z5 + 30z4 + 69z3 + 4z2 + 27z + 36
)]
l6µ4
}
= 0 (57)
1
12r2
{
3
(
z2 − 3z + 1) (z2 − z − 1)
l2m2
+ 12Λl2 + 12zσ
+
4ξ
[
10 + 16l2
(
1 + z2
) (
1 + z + z2
)
+ z
(
10z5 + 39z4 + 66z3 − 35z2 + 66z + 39)]
l4µ4
}
= 0 (58)
r2
12l8
{
−3l
2
(
z2 − 3z + 1) (z2 − z − 1)
m2
+ 12Λl6 + 12z2l4σ
−4ξ
[
10 + 16l2
(
1 + z2
) (
1 + z + z2
)
+ z
(
19z5 + 36z4 + 27z3 + 4z2 + 69z + 30
)]
µ4
}
= 0 (59)
These equations of motion are satisfied for the following values of the cosmological parameter
Λ and the mass parameter m2
Λ =
1
6µ4l6
{[
29 + 32l2
(
1 + z2
) (
z2 + z + 1
)
+z
(
29z5 + 75z4 + 102z3 − 25z2 + 102z + 75)]− 3µ4l4σ (z2 + z + 1)} (60)
m2 =
µ4l2 (z2 − 3z + 1)
2σµ4l4 − 2ξ (z2 + z − 3) (3z2 − z − 1) (61)
and can be rewritten as
Λl2 =
1
6µ4l4
{[
29 + 32l2
(
1 + z2
) (
z2 + z + 1
)
+z
(
29z5 + 75z4 + 102z3 − 25z2 + 102z + 75)]− 3µ4l4σ (z2 + z + 1)} (62)
m2l2 =
µ4l4 (z2 − 3z + 1)
2σµ4l4 − 2ξ (z2 + z − 3) (3z2 − z − 1) (63)
where Λl2 and m2l2 are dimensionless quantities.
12
If we evaluate Eqs. (62) and (63) at the limit µ → ∞ which is the limit where NMG is
reinstated, we exactly reproduce Eq. (7) of [5]. Thus, we are in complete accordance with
the predictions of NMG at the limit where this theory shows up.
Moreover, we determine the Lifshitz vacua through Eq. (61). In particular, by solving Eq.
(61), the Lifshitz length scale obtains two different values
l2− =
1
4m2σ
{(
z2 − 3z + 1)−
√
(z2 − 3z + 1)2 + 16m
4
µ4
(z2 + z − 3) (3z2 − z − 1) ξσ
}
(64)
l2+ =
1
4m2σ
{(
z2 − 3z + 1)+
√
(z2 − 3z + 1)2 + 16m
4
µ4
(z2 + z − 3) (3z2 − z − 1) ξσ
}
(65)
which means that there are two Lifshitz vacua in the context of R3-NMG. On the other
hand, there is a unique length scale in NMG [25]. If we evaluate the two vacua at the NMG
limit, then the result reads
l2− = 0 (66)
l2+ =
z2 − 3z + 1
2m2σ
. (67)
We observe that the length scale l2+ is identical with the one in NMG (see Eq. (5.58) in
[25]). The zero value of the length scale l2− indicates that the effective cosmological constant
l−2− is infinite as well as the corresponding vacuum energy. Such infinities are not physically
acceptable and, thus, the only scale that survives at the NMG limit is the length scale l2+ .
Moreover, in order for the vacua not to admit imaginary terms, an additional condition has
to be imposed
16ξσm4
µ4
≥ − (z
2 − 3z + 1)2
(z2 + z − 3) (3z2 − z − 1) . (68)
In the case where the two sides of Eq. (68) are equal, namely
16ξσm4
µ4
= − (z
2 − 3z + 1)2
(z2 + z − 3) (3z2 − z − 1) , (69)
the two Lifshitz vacua are degenerated
l2− = l
2
+ = l
2 =
(z2 − 3z + 1)
4m2σ
. (70)
The latter equation provides the dimensionless quantity
m2l2 =
(z2 − 3z + 1)
4σ
. (71)
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Substituting Eq. (71) into Eq. (69), a second dimensionless quantity is obtained
µ4l4 = −ξσ (z2 + z − 3) (3z2 − z − 1) . (72)
Now, following the analysis in [5], we focus on the special points of the theory in order to
investigate whether there are, or not, asymptotically Lifshitz black hole solutions in R3-
NMG, as has already been done in the context of NMG [5, 26–28]. We adopt the following
ansatz for the black hole metric
ds2 = −r
2z
l2z
F (r)dt2 +
l2
r2
H(r)dr2 +
r2
l2
dx2 (73)
where the radial functions F (r) and H(r) are subjacent to the same constraints that appear
in [5], namely F (r) = H(r)−1, F (r) = H(r)−1 = 1 as r →∞, and there is an event horizon
at rH that satisfies F (rH) = H(rH)
−1 = 0.
The effective mass of the wave profile F saturates the BF bound at the critical point where
Eq. (39) holds and now takes the form
m2l2 =
µ4l4
2 (σµ4l4 − 3ξ) . (74)
Substituting Eq. (74) into Eq. (63), we get
z (z − 3)− ξ
σµ4l4
[
3
(
z2 − 3z + 1)− (z2 + z − 3) (3z2 − z − 1)] = 0 . (75)
This equation will give us the appropriate values of z which are related to the possible black
hole solutions in R3-NMG. An interesting feature of Eq. (75) is that if we take the NMG
limit, i.e. µ → ∞, then Eq. (75) becomes z(z − 3) = 0. The root z = 3 is the value of the
dynamical exponent for the Lifshitz black hole in the NMG [5]. Furthermore, Eq. (75) is a
4th order polynomial equation. The root z = 0 corresponds to a generic and trivial solution
for any value of µ4l4. Since Lifshitz vacuum solutions for imaginary values of the dynamical
exponent z are not acceptable, we are interested in deriving the real roots of z.
First, we investigate the case the three roots to be degenerated. However, this is true only
if ξ is zero. But this fact contradicts to the definition of ξ which can take only the value
+1 or −1. Moreover, if ξ = 0 the theory reduces to NMG. Thus, there is no way to have a
triple degenerated value of z. Second, it is possible to have a double degenerated value, i.e.
z1, and a simple root, i.e. z2, respectively,
z1 =
1
18
(
83 +
7865ξ
9σµ4l4 − 130ξ
)
(76)
z2 = −89
9
+
7865ξ
1170ξ − 81σµ4l4 , (77)
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if and only if the mass parameter µ satisfies the following condition
µ4l4 =
1
8748
{
125519ξ
σ
−
(
9554589825301 + 1009110960
√
92774435
)1/3
l8ξ2σ
(l24ξ3σ6)1/3
+
(−9554589825301 + 1009110960√92774435)1/3 (l24ξ3σ6)1/3
l8σ3
}
. (78)
Finally, we can obtain three simple roots among which only one is a real one. For the case
of the real simple root, the value of z is
z = −2
9
+
(
260ξ2 − 18l4µ4ξσ + 21/3A2/3)
9 · 22/3ξA1/3 (79)
where
A=
[
−3445ξ3 + 783l4µ4ξ2σ + 9
√
3
√
ξ3 (ξ − l4µ4σ) (12675ξ2 − 2015l4µ4ξσ − 12l8µ8σ2)
]
(80)
At this point, it is noteworthy that although the real value of z depends only on the mass
parameter µ, it also fixes the value of the mass parameter, m, and that of the cosmological
parameter, i.e. Λ.
Finally, if one substitutes one by one the specific values of z as given in Eqs. (76,77,79),
into Eq. (73) and then introduces the obtained metrics into the equations of motion as
given by Eq. (4), no solutions are obtained. This means that in the context of R3-NMG
there are not asymptotically Lifshitz black holes solutions for the specific ansatz given by
Eq. (73). Furthermore, if one selects the form for the radial functions to be the one found
in the context of NMG [5], i.e.
F (r) = H(r)−1 = 1− Ml
2
r2
, (81)
and introduces the obtained metric into the equations of motion in Eq. (4), it is easily seen
that there is no value of the dynamical exponent z for which the equations are fulfilled. This
is in support to our result that there are not asymptotically Lifshitz black holes solutions
for the specific ansatz given by Eq. (73) in R3-NMG.
VI. CONCLUSIONS
In this paper, we focus on three different but closely related aspects of R3-NMG. First,
we discuss about the AdS3 vacua and the special points in the parametric space where
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degeneracies arises. Second, we obtain the AdS3 wave solutions which play a crucial role in
our analysis of the AdS3 structure, and finally we search for asymptotically Lifshitz black
hole solutions in R3-NMG.
In particular, we obtain the values of the AdS3 vacua and search for the real degener-
ated values since values with imaginary terms are not acceptable. We show that imposing
the appropriate conditions we can obtain a triple degenerated vacuum as well as a double
degenerated vacuum accompanied by a vacuum of multiplicity one. In addition, we obtain
the central charge of R3-NMG. The vanishing of the central charge is directly related to
the presence of logarithmic terms in AdS wave solutions. For this reason, we derive and
study the AdS3 wave solutions after substituting the AdS wave ansatz into the equations
of motion of R3-NMG. The generic solution depends from the wave profile function F (u, y).
The function F satisfies a Klein-Gordon equation and, as a result, it can be interpreted as a
massive scalar field with effective mass meff propagating in the AdS3 space. We proved that
F is a superposition of two massive scalar modes with the same effective mass which both
propagate in AdS3 space. The most significant result comes from the logarithmic branches
that appear at specific points of the parametric space. The first special point is defined
through a characteristic polynomial equation when a quantity M is equal to zero. In this
case, the effective mass saturates the Breitenlohner-Freedman bound and logarithmic terms
appear in the AdS3 wave solutions. It is at this special point at which we have to impose the
relaxed (weakened) boundary conditions so as to restore the appropriate asymptotic behav-
ior for the solutions. However, at this special point CFT is now a Logarithmic CFT which
corresponds to the AdS3 wave background. The second special point is also defined through
the characteristic polynomial equation when the quantity M is now equal to one. It is this
specific point at which the central charge vanishes. In addition, the generic wave profile can
not anymore be interpreted as a scalar field propagating in the AdS3 wave background since
it does not satisfy anymore the Klein-Gordon equation.
Finally, we investigate the existence of asymptotically Lifshitz black hole solutions in R3-
NMG by implementing the Lifshitz ansatz into the corresponding equations of motion. We
compute the values of the cosmological parameter, i.e. Λ, and the mass parameter, i.e. m,
that satisfy the Lifshitz equations of motion. Concerning the dimensionless quantities m2l2
and Λl2, we show that they exactly reproduce the corresponding formulae of NMG [5] in the
NMG limit. We obtain two Lifshitz vacua, namely l2+ and l
2
−. Taking the NMG limit, i.e.
16
µ→∞ we recover the length scale of NMG, as expected. After evaluating the dimensionless
quantity m2l2 at the first special point, we obtain a polynomial equation which determines
the values of the dynamical exponent z as a function of the mass parameter µ. It is easily
seen that, by taking the NMG limit, the polynomial equation gives the value z = 3 that
determines the Lifshitz black hole solution in NMG. We discover that there is no way to
have a triple degenerate value of z. However, it is possible to have a double degenerate
value of z accompanied with one of multiplicity one, when the mass parameter µ satisfies
a specific condition. Moreover, it is possible to have three simple roots but only one of
them to be a real one. These values of the dynamical exponent z correspond to possible
asymptotically Lifshitz black hole solutions. However, we show that for the specific values
of the dynamical exponent z and a specific ansatz for the black hole metric, the equations
of motion are not fulfilled. This proves that if one adopts the specific static ansatz for the
black hole metric, there are not any asymptotically Lifshitz black solutions in R3-NMG. It
is noteworthy that it may be possible one to obtain, with the same vales of the dynamical
exponent z, asymptotically Lifshitz black hole solutions in R3-NMG by employing a specific
non-static ansatz for the black hole metric. We hope to address this issue in a future work.
Acknowledgments
ECV gratefully acknowledges discussion with P. Horava. MRS thanks G. Giribet for helpful
discussions and correspondence. GA and ECV thank T. Christodoulakis, T. Sotiriou, S.
Nam, J-D Park, and S-H Yi for useful correspondences.
[1] E. A. Bergshoeff, O. Hohm and P. K. Townsend, Phys. Rev. Lett. 102, 201301 (2009)
[arXiv:0901.1766 [hep-th]].
[2] S. Deser, R. Jackiw and S. Templeton, Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406
(1988)] [Annals Phys. 185, 406 (1988)] [Annals Phys. 281, 409 (2000)].
[3] E. A. Bergshoeff, O. Hohm and P. K. Townsend, Phys. Rev. D 79, 124042 (2009)
[arXiv:0905.1259 [hep-th]].
[4] G. Clement, Class. Quant. Grav. 26, 105015 (2009) [arXiv:0902.4634 [hep-th]].
[5] E. Ayon-Beato, A. Garbarz, G. Giribet and M. Hassaine, Phys. Rev. D 80, 104029 (2009)
[arXiv:0909.1347 [hep-th]].
17
[6] A. Sinha, JHEP 1006, 061 (2010) [arXiv:1003.0683 [hep-th]].
[7] I. Gullu, T. C. Sisman and B. Tekin, Class. Quant. Grav. 27, 162001 (2010) [arXiv:1003.3935
[hep-th]].
[8] S. Nam, J. -D. Park and S. -H. Yi, JHEP 1007, 058 (2010) [arXiv:1005.1619 [hep-th]].
[9] G. Giribet and M. Leston, JHEP 1009, 070 (2010) [arXiv:1006.3349 [hep-th]].
[10] J. D. Brown and M. Henneaux, Commun. Math. Phys. 104, 207 (1986).
[11] E. Ayon-Beato, G. Giribet and M. Hassaine, JHEP 0905, 029 (2009) [arXiv:0904.0668 [hep-
th]].
[12] D. Grumiller and O. Hohm, Phys. Lett. B 686, 264 (2010) [arXiv:0911.4274 [hep-th]].
[13] Y. Liu and Y. -W. Sun, JHEP 0905, 039 (2009) [arXiv:0903.2933 [hep-th]].
[14] M. Henneaux, C. Martinez and R. Troncoso, Phys. Rev. D 79, 081502 (2009) [arXiv:0901.2874
[hep-th]].
[15] W. Li, W. Song and A. Strominger, JHEP 0804, 082 (2008) [arXiv:0801.4566 [hep-th]].
[16] S.T.C. Siklos, “Lobatchevski plane gravitational waves” in “Galaxies, axisymmetric systems
and relativity”, ed. M.A.H. MacCallum, Cambridge Univ. Press, NY, USA (1985).
[17] E. Ayon-Beato, G. Giribet and M. Hassaine, Phys. Rev. D 83, 104033 (2011) [arXiv:1103.0742
[hep-th]].
[18] S. Deser, R. Jackiw and S. -Y. Pi, Acta Phys. Polon. B 36, 27 (2005) [gr-qc/0409011].
[19] E. Ayon-Beato and M. Hassaine, Annals Phys. 317, 175 (2005) [hep-th/0409150].
[20] E. Ayon-Beato and M. Hassaine, Phys. Rev. D 73, 104001 (2006) [hep-th/0512074].
[21] D. Grumiller and I. Sachs, JHEP 1003, 012 (2010) [arXiv:0910.5241 [hep-th]].
[22] P. Breitenlohner and D. Z. Freedman, Annals Phys. 144, 249 (1982).
[23] M. R. Setare and N. Hatami, JHEP 1304, 142 (2013).
[24] S. Carlip, “Quantum gravity in 2+1 dimensions”, Cambridge Univ. Press, Cambridge, UK
(1998)
[25] O. Hohm and E. Tonni, JHEP 1004, 093 (2010) [arXiv:1001.3598 [hep-th]].
[26] R. -G. Cai, Y. Liu and Y. -W. Sun, JHEP 0910, 080 (2009) [arXiv:0909.2807 [hep-th]].
[27] H. A. Gonzalez, D. Tempo and R. Troncoso, JHEP 1111, 066 (2011) [arXiv:1107.3647 [hep-
th]].
[28] E. Ayon-Beato, A. Garbarz, G. Giribet and M. Hassaine, JHEP 1004, 030 (2010)
[arXiv:1001.2361 [hep-th]].
18
